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ABSTRACT. A simplified proof is given for the theorem characterizing the

congruence lattice of a universal algebra.

1. Introduction. G. Birkhoff and O. Frink observed that the congruence lattice
of a universal algebra was an algebraic lattice [1]. G. Gritzer and E. T. Schmidt
proved the converse [3]. Through some rather ingenious methods they built a uni-
versal algebra with given congruence lattice; but their proof (and the proof in [2])
that the algebra they constructed had the required congruence lattice was quite
difficule. It used a very lengthy and repetitious series of direct computations.

E. T. Schmidt and the author independently arrived at essentially the same ab-
straction of these computations [9], [6, Chapter 2]. (The author announced a crude
form of the primary lemma of that abstraction in Abstract #68T-A8 in the Notices
Amer. Math. Soc. 15 (1968), 783.)

Recently, however, the author observed a property of the main part of the
Grdtzer-Schmidt construction that had not been utilized. In this paper we will
use this property and give a new proof of this Grdtzer-Schmidt representation
theorem. The proof given here using this property is simpler than any that has
appeared before.

All the previous techniques used for such a proof are valid only for unary al-
gebras. In addition, the only application [9] to a new result of the technique de-
veloped in [9] or [6, Chapter 2] was incorrect.

However, the technique presented here is applicable to nonunary algebras.
That, and other aspects of this technique, will be used in a series of papers under
preparation to settle several problems concerning congruence lattices of univer-
sal algebras.

The nonunary applications of this technique are complex. They are easier

to follow if one has read the unary case presented here first.
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The primary lemma having to do with the recently observed property is in S4.
The property is condition (C) of Lemma 8. In §5 the “three-leaf’’ construction of
Grédtzer and Schmidt is thoroughly examined. It is shown there that the construc-
tion has the new property.

“‘road map’’ for the proof.

Next we give a

Let { be an algebraic lattice. In order to build the algebra ¥ whose congru-
ence lattice is isomorphic to &, we start with a unary algebra 530 and a family }{0
of congruence relations of Bo. We will arrange things so that (}(0; C) is isomor-
phic to €. Thus we would like to get rid of the congruence relations of %0 that
do not belong to HO' So we will add some more structure to %0 forming a unary
partial algebra Bg. We turn this into an algebra El by taking F(B;), the algebra
“*freely generated by B;”. Unfortunately B, has far too many congruence rela-
tions. The best we can do is to find in a natural way a family }(1 of congruence
relations of BI such that (Hl; C) is isomorphic to g. }(1 will be a system of ex-
tensions of members of }(0. One repeats the process, thus forming the sequence
(Bo’ }(0), cee, <Bn, }(n>, «++ . We take ¥ to be the *‘direct union’’ of the Bi. If
everything goes alright, the congruence lattice of ¥ will be isomorphic to L.

Let B be a partial algebra, and let ® and ® be congruence relations of B.
From the above paragraph the reader can see that it would be important to know
that there is some congruence relation on F(B), the algebra freely generated by B,
which extends ®. The reader can imagine that it would be helpful to have an ex-
plicit description of F(®), the smallest congruence relation of F(B) extending ©.
§2 is devoted to giving an explicit description of both F(B) and F(@).

All the difficulties in the proof are related to the question of when does it
happen that F(@ N ®) = F(®) N F(®). (Clearly this is an important question because
the intersection of any family of congruence relations is again a congruence rela-
tion.) The lemmas of S4 give sufficient conditions for F(@ N @) = F(@®) n F(®).
$s gives the construction for passing from 3" to B:. This construction is rather
complicated because one has to work hard to *‘kill’’ the excess congruences while
simultaneously setting things up so that the conditions given in $4 for F(@® N ®) =
F@®) N F(®) are also satisfied. §3 provides us with the means for taking care of
some of the technical details that arise in $4 and $5.

Now we make a few comments about notational usage. Suppose ¥ and B are
abelian groups on the sets A and B respectively. It is common practice to use +
to denote the operation on each group. Technically this practice is incorrect
because on the one hand + is a mapping from A x A into A and on the other hand
it is a mapping from B x B into B. Some of the technical difficulties are resolved
if one thinks of + as the *‘name’’ for the operation. The role of + and - as *‘names’’

becomes more important in definitions within ring theory. In this paper we will
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follow this customary algebraic practice of blurring the distinction between an
operation and a ‘‘name’’ of an operation. We will, for example, denote an algebra
by ¥ or by (A; F). F will be thought of as a set of operations on the set A. But
at other times it would be more appropriate to view F as a set of ‘‘names’’ for
operations. For example, another algebra whose operations have the same *“*names’’
as those in ¥ might be denoted by (B; F)= B. Also the statement [ € F will at
times mean [ is an operation on the set A belonging to F. At other times it will

‘‘operation name’’ belonging to

be more appropriate to interpret { € F as { is an
the set of names F.

The terminology essentially conforms to that of [2]. C(B) will denote the
system of congruence relations on the partial algebra B. €(B) = (C(B); C) is the
congruence lattice. D(f, B) denotes the domain of the partial operation f in the
partial algebra B.

This new proof of the representation theorem is given without much further
comment in $2-§6. $7 contains a further exposition of various aspects of the
proof and other comments.

The reader may find it helpful to read $2-56 lightly the first time. Then
read $7, and then reread $2-$6 more thoroughly.

2. Extensions of congruences. The lemmas of this section are well known
and no proofs will be given.

We start with some definitions. Let B =(B; F) be a partial unary algebra;
and let f € F. Blf]= (Blf]; F), called B (freely) extended by /, is a partial (unary)
algebra with the following properties:

(i) B is a relative subalgebra of Blf] (see p. 80 of [2]);

(ii) Blf]1= B u{f(x)| x € B};

(iii) for any g € F, if g(y) is defined, then y € B;
(iv) if g € Fand f(x)=g(y) ¢ B, then g =fand x = y.

Remark. Clearly one can build Blf] by simply adding a new point to B, which
is to be f(x), for each x € B - D(f, B).

BlF]1=(BIF]; F), called B (freely) extended by F, is a partial (unary) algebra
with the following properties:

(i) B is a relative subalgebra of BIF];

(ii) BIF] is generated by B;

(iii) if / € F, then D(f, B[F])) = B;
(iv) if [, f; € Fand fy(x)=f,(y) ¢ B, then fo=1,and x=y.

Remark. One can build B[F] is a way similar to that for B[f]. Here one adds
a new point for each x € B — D(f, B), and one adds these new points for each f € F.

F(B) = (F(B); F), called the algebra freely generated by B, is an algebra with

the following properties:
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(i) B is a relative subalgebra of F(B);
(ii) F(B) is generated by B;
(iii) if ¥ is any algebra and ¢ is any homomorphism from B into U, then ¢ has
an extension to a homomorphism from F(B) into .

For the lemmas of this section let B = (B; F) be any partial unary algebra,
and let f € F. Set B = B[F1°, and set BIFI"*! = BIF)")[F] = (BIFI"*!; F).

Lemma 1. Bf) and BI[F] and F(B) all exist. Moreover, B[F] = U(B[/]I [ €F)=
BUUBI/1-B| [ € F). In addition F(B) =U(BIFI"| n=0,1,--).

Let O be an equivalence relation on the set B and let ® be an equivalence
relation on C and let BC C. @ is an extension of @ iff @=@| g =® N B2.

The next three lemmas are concerned with extending congruences of B to

Bl/1, BIF] and F(B).

Lemma 2. Let ©® be a congruence of B. There is a smallest extension @lf]
of ® to a congruence of Blf]. Moreover, for x, y € Blfl, x =y @lf]) iff one of the
following bolds:

(i) x,y € Band x = y (@)

(ii) x € B,y = [(s) € B, and there exists u=[(t)€ Bwithx=u (@) and s =1t (@),
(iii) x = {(s) € B, y € B and the condition symmetric to (ii) bholds;
(iv)x=f(s)€ Band y = (t) ¢ B and one of the following holds: (ivl)s =

t (@) (ivz) there exist u = f(r) € B and v = f(w) € B such thatr=s (0),u=v

®) and w =1t (O),

Lemma 3. Let © be a congruence of B. There is a smallest extension O[F]
of ® to a congruence of BIF]. Moreover, for x,y € BI[F}, x=y @LF)) iff one of
the following bolds:

(i) x, y € Blf] for some [ and x =y (Blf]);

(ii) x € B[/o], y € B[/l] and there exists a z € Bwith x = z (@[[0]) and z =
y (@[/1]).

Lemma 4. Let ® be a congruence of B. There is a smallest extension F(®)
of @ to a congruence of F(B). Moreover, if @ =0 and®  , = @n[F], then F(@)=
U(®n| n-= 0, l,ooo).

3. Extensions of systems of congruences. Again we start with a definition.
Suppose H is a system (set) of equivalence relations on the set B. H is a unary-
algebraic closure system iff there exists an F such that H is the system of all
congruences of the unary partial algebra (B; F).

 denotes the equality relation. If H is a closure system of equivalence rela-

tions on the set B and a, b € B, then ®}( (a, b) will denote the smallest member
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of X under which a is equivalent to b; i.e., ®y(a, b) is the closure in H of (a, b).

Lemma 5. A closure system X of equivalence relations on the set B is unary-
algebraic iff w € X and for every equivalence relation ® on B ®y(a, b) C @ for
all (a, b) € O implies © € K.

Proof. That every unary-algebraic closure system satisfies the stated condi-
tion is obvious. So let H be a closure system of equivalence relations on the set
B. Assume that o € X and that, for every equivalence relation ® on B,

Oy (a, b)C O for all (a, b) € O implies O € H. Let A=¥a, b,c,d)| c=

d (®y(a, b))}. For each A =(a, b, c,d)€ A define a partial unary operation I

with D(f,)=1a, b} and f, (@) = c and /) (b) = d. That € H implies f, is well

defined. Clearly the assumptions on H imply that H is the system of all congru-
ences of (B; {fy]A €A}

We need another definition. Let B = (B; F)and € = (C; G) be partial unary
algebras. € is an expansion of B iff BC C and F C G and if f(b) is defined in B
then f(b) is defined and has the same value in €. (Technically, we do not mean
F is a subset of G, but we mean every name of an operation in B is the name of
an operation in €.)

For the next two lemmas suppose that the following are true. The unary
partial algebra € is an expansion of the unary partial algebra B. H is a system of

congruence relations of B. If ® € X, then there exists a smallest extension ®*
of ® to a congruence of €. H*={@%| @ € Xi.

Lemma 6. If H is a unary-algebraic closure system and X is a closure system,

then H* is a unary-algebraic closure system.

Proof. Let ® be an equivalence relation on C, and suppose that for every
(a, b) € O, ®R*(a, b)C @. Since ®6(¢)(a’ b)C GK*(a, b) for every a, b € C and
since by definition C(€) is unary-algebraic, it follows that ® is a congruence of
€. Let ®=0 N B? and let (a, b) € . Since @K*(a, b) = @y(a, b))*g 0, it
follows that @y (a, b) C ®. Since H is unary-algebraic, by Lemma 5 ® € H. Since
® is a congruence, ®*C ®. Let (x, y) € ®. There is a ¥ € H such that ¥*=
@R*(x, y). Clearly ¥ C ®. Since & — E* is an order isomorphism, (x, y) €
Y*C ®*, and so ® C D*. Thus ©® = ®* e H*. Since w € Hand 0*= 0, H is unary-
algebraic by Lemma 5.

Lemma 7. If H is a closure system and if for every {a, b} C C there exists a
member of X, denoted by ®(a, b), satisfying the following:

(A) a=b (®a, b)),

(B) a=b (@) and ® € H imply d(a, b) C O,

*
then H* is a closure system.
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Proof. Let (®*| i € I) be a fanily of members of {*, and suppose a =
b (ﬂ(®*| i€D). Soa=b (@ ) for all i, and ®(a, b)C@ for all i. So ®(a, b) C
RICH [ i€D,and we get that a=b ((ﬂ(@ | i € DY), Now suppose a =
b (8, JieD*). so @, b)cN@|ic ), and ®(a, b)C @, for each i. Thus
a=b (@ ) for each i, and we now have a = b (ﬂ(@*] ie€l). So ﬂ(@ liel=
(ﬂ(@) | i e DY e H*, and H* is a closure system.

4. F(}{) can be a closure system. There are three lemmas in this section hav-

ing to do with the ‘‘new’’ property.

Let H[F]= {@[F]| ® € H} and F3O) = {F@) © € Hi.

Lemma 8. Let B = (B; F) be a unary partial algebra and let X be a closure
system of congruences of B. If

(A) there isa CC B, C # @, such that D(f, B)= C forall { € F,

(B) there is a function y: B — C so that ®J((b' y(6)) C By(b, c) for all c € C,

(C) for any a, b € Band { € F and ® € H it bolds that f(a) = [(b) (®) implies
a=b (@),
then H[F] is a closure system and H[F] and B[F] satisfy (A)-(C).

First we need another lemma.

Lemma 9. Under the hypotheses of Lemma 8, for every {a, b} C BIF] there is
a ®a, b) € H satisfying conditions (A) and (B) of Lemma 7. Moreover
(i) if {a, b} C B, then ®(a, b) = Oyla, b);
(ii) if a € B and b = {(d) € BIF] - B, then ®(a, b) = Oy(a, [((d)))V Oy(y(d), d);
(iii) if a= f(c), b= f(d) € BIF] - B, then ®(a, b) = Oy(c, d);
(iv) if a=f(c), b=g(d) € BIFI - B and [ £ g, then ®(a, b) = Oy(c, y(c)) V
By (f(y(c)), gy(d))) V By(y(d), d).

Remark. The reader should derive from context within which lattice the V is
being taken. For example in the formulas above V is in (; o).

Proof. Let {a, b} C B[F] and let ¥(a, b) be the member of } given by the ap-
propriate formula from (i)-(iv). Since C# &, ¥(a, b) exists. Clearly a =
b (W(a, b))[F). Solet ® € H with a = b (O[F]).

If {a, b} C B, then a=b (@), and so BOyla, b)C 6.

Suppose a € B and b = (d) € B[F] - B. Then by (3.i) and (2.ii) there exists
u=f(t)€ Bwitha=u (@) and d=t (@). By hypothesis ¢ =d = y(d) (@). So
a=u={(t)=f(yd)) (). (ii) now follows.

Suppose a = f(c) and b = f(d) are in BIF] - B. Suppose there exist u = f(r)€B
and v =f(w)e Bwithc=r (@)and u=v (@) and w =d (@). By hypothesis 7 =
w (@), and so ¢ =d (®). (iii) now follows from (3.i) and (2.iv).

Suppose a = f(c) and b = g(d) are in B[F] - B, and suppose [ £ g. By (3.ii)
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there is a z € B with a = z (®[F]) and z = b (B[F)). So by (ii) the following are
congruent under ®, ¢ = y(c) and f(y(c)) = z and z = g(y(d)) and y(d) =d. So
[(y(e)) = gly(d)) (@), and (iv) follows.

Proof of Lemma 8. That H[F] is a closure system follows from Lemmas 7
and 9. That (A) holds is obvious because D(f, B[F])= B for all f € F by defini-
tion. Define y': BIF] = B by y'(b)=b if b € B and y'(f(b)) = {(y(b)) for f(b) €
BIF] - B. Clearly y' is well aefined, and from (9.ii) it follows that (B) holds.
Let a, b € B, let f € F, let ® € { and suppose f(a) = f(b) O[F]). I {f(a), /(b)} C
B or {f(a), f(b)} C BI[F]- B, then by (C) and (9.i) and (9.iii) @ = b (B[F]). Suppose
f(a) € B and f(b) € BIF] - B. Then by (9.ii) f(a) = {(y(b)) (@) and y(b) = b ().
By (C) a=y(b)=b ®).

The purpose of this section has been to obtain the following lemma.

Lemma 10. Under the hypotheses of Lemma 8, F(N) is a closure system.
Moreover, if a, b € F(B) and [ € F and ® € F(H), then f(a) = {(b) (®) implies
a=b ().

Proof. This follows from Lemmas 8 and 4. For example, let ® € H, let
O =F(@®), let a, b € F(B) and let f(a) = f(b) (@). So by Lemma 4 there is an n such
that f(a) = f(b) (). It follows from Lemma 8 that a = b @)

S. Concerning the three-leaf construction. Let ® be a congruence of the partial
algebra Y. For each congruence @ of & with ® D ® define a relation on A/® as

follows:

[a]® = (1D (O/P) iff a = b (®).

As is well known, the congruences of U/® are exactly the relations of the form
0/®, and ® — @/ is an isomorphism from the dual ideal generated by ® in the
congruence lattice of ¥ onto the congruence lattice of A/®.

In addition to its use below as a superscript, + will also be used to denote

the join in the lattice of equivalence relations.

Lemma 11. Suppose X is a unary-algebraic closure system of congruences of
the unary algebra B = (B; F), and suppose f(a) = f(b) (@) implies a =b (@) for
any a, b € B, € F and ® € {. There exists a partial unary algebra B* -

(B*; F*) such that
() BY is an expansion of B;
(i) the only congruences of B that bhave extensions to céngruences of B* are
members of };
(iii) each member @ of K has a smallest extension ®% to a congruence of %*;
(iv) H*=10%| @ € H} is a clesure system;
() B and H* satisfy the hypotheses of Lemma 8.
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Remark. The proof of this lemma uses the Gritzer-Schmidt *‘three-leaf’’ con-
struction.

Proof. Let A ={(a, b,c,d)| c =d @yla, b)), a# b,c£d}. Foreach A € A
and fot each i € {1, 2, 3} let fy,; be a unary partial operauon with D(/A )=g.

Set F =Fu{/,\ A €A, zeu 2, 31}, and set B'=(B; F'). Consider B'[F*]=
(BIF*1, F*), and notice that B[F*]= B[{/x JAeA,iefl, 2, 3}]. Forall AeA
let f,‘ o be the identity function on B. Set @), =d, b, =c, and a,=a, b, =bfor
i=1, 2 3. Define the relation ¥ on B[F*] by x =y (‘I‘) iff x = y or {x, y}
{/)\.i(bi)’ /x,i+1 i+1)‘ for some A € A and some i €10, 1, 2, 3}. The addition in
the subscripts means addition modulo 4. Note for fixed A that ¥ restricted to
BulU (/A,i(B)I i=1,2,3) is an equivalence relation. Let ® be the transitive
closure of ¥. ® is an equivalence relation. Observe that ® restricted to

BuU U(fx (B)|i=1, 2, 3)equals ¥ restricted to the same set. Alternatively one
can define ® to be the equivalence relation on BIF*] defined by x =y (®) iff one
of the following holds:

(@) x =y;

() {x, y} = {/A.i(bi)’ /A’”l(ai”)} for some A € A and some 7 €10, 1, 2, 3};

(c) there exists A =(a, b, c,d)and = e, [, g, b) such that one of the fol-
lowing holds:

(c)) c=gandix, yl=1{f, (@), [, ()}

(c,) c=handix,yl =1/, @)1, ;(D}

(C3) d=bhandix, y} = {/)«.B(b)’ /#’3(/)5.

Since the intersection of each equivalence class with the domain of any opera-
tion (domain = B) is at most one element, ® is a congruence relation of B'[F*].

Set B*=(B* F*)=B'[F*V® = (BIF*V®; F*).

Since @ | p = @ for x in B we can identify x with the class containing x in
order to get that B is an expansmn of B.

Let Z be the subset of BIF']with Z _U((/A'i(B))zl AeA,i=0,1,2,3)
Observe also that C(B)=C(B").

Remark. Our next task is to show that if ® is a congruence relation of B,
then ® has an extension to a congruence relation of B*iff @ € H. We will also
give an explicit description of ®+, the smallest extension of ® to B*. Claims
1-5 are given over to these two tasks. Claim 1 is more general than needed at
this point, but the generality proves useful later.

Claim 1. If Geﬂand(x y) € Z,then x=y @IF*1+ @) iff x =y OF")).

Certainly, if x = (@[F 1), then x = (@[F 1+®). Soletx=y @®[F" 1+ ®),
and let (x, y) € (/A (B))2 So there exists a sequence x=5,°**, s =Yy such that
s, =, (@[F D) or S;=Si1 (®) for i = 0,+++, n—1. Assume the sequence is

of shortest length. Then s # s if i Eirs,=s,, (@[F+]) implies s, | =
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) (®) (if Siv2 exists) and siési“ (@), and similarly if $;=5,,, (®). Let

A=(a, b, c, d), and recall that a,=d, by=canda,=aand b,=bfori=1,2,3.
First we assume that x = s = /A,i(bi)’ s, = /)\,;‘+1(aj+ DY =s, = /k.i(di) and

that j=0, 1, or 2. Since s, £ /x’j(B), 1 £ n. So there exists an s, with s =
s, @[F*)). Since D(fx'i, B')=g for i =1, 2, 3 and for any A, it follows from
Lemmas 3 and 2 that s, € /)w,+ ,(B). So s, £ /R.i(B) and 2 # n. So there exists an
sy with s, = sy (P). Since s, £ s, £ s, and since j + 1 £0, it holds that s, =
e 1(b’.“). Since j+1# 0and D(/A.j+l’ B')=¢g, it follows from
Iy el ai+ P=s;=85,= /)\,j+l(bi+l) (®[F 1) and from Lemmas 3 and 2 that
iv1= b @), Since @ € X, by definition of A, c=d (8). So

/,\.i(ai) = /y,:6,) ®F ] for i=0,1,2,3. Inparticular, x =y @[F "]\

a=a; l_b

For the second case we assume that x = s = /k’j(aj), s = /A.j”(b”}),
y=s,= /X,i(bi) and that j = 0, 2, or 3. In an argument similar to the first case we
prove that /,\.]‘_i_S(b].+ )= /X.i+3(ai+3) @[F*)). Continuing as in the first case,
we find that again x =y O[F*]).

Now we are ready for the general case. Assume that » > 2. So there exists
aniwiths,=s, | (D). Let I (resp. k) be the smallest (resp. largest) integer with
S;=5,,, (@) (cesp. s, =s,_,; (®)). Recall that (x, y) € y.; (B))?. Note that
s, ;és If j=1,2,0r3, then s £s 1mphesfsl,s i‘{/)\ ,(a DN l(b )}, and it
follows easxly from the first two specxal cases that s, =5, (Q[F D. Soin this
case X =5, =5, =Y ClVa 1), and x = tpt; =y isa sequence shorter than the
shortest sequence So let j=0. Thus for some p=(a’,b’',c’,dVeA, s,
/#,o(b")) and s, | = /#’l(a;), ors,=f, 0(“0) ands; =/ ’3(b;). It is easy to
show that if s, = /#'o(b(')), then S147 exists and S1,1= /#’o(a(')) and that if s, =
/,u.,o(“(;)’ then s, , = /#’o(b(')). So by the first two special cases s, =5, ; @©[F*)).
So in the case j=0,x=150,5,, 5, 3,°**, s is a sequence with appropriate prop-
erties and shorter than the shortest such sequence. Since the assumption n > 2
leads in both cases to our being able to shorten the shortest sequence, n = 0 or 1.
If n=0,then x=yandsox=y BF']). If n=1, then x=y (®) or
x=y @F*]D. If x=y (), thenx, y¢€ fx,;(B) and the definition of ® imply that
x=7y. Soin case any x =y (B[F']).

Claim 2. For ® ¢ H, ®[F*] + ® is an extension of ® to a congruence 8'[F*].

From Claim 1 ®[F*]+ ® is an extension of ® to an equivalence relation on
B'[F*]. Let x = y (B[F*]1+ ®), let f€ F*, and suppose f(x)and f(y) are defined.
Then x,y € Band x =y (@). So f(x)=f(y) (®[F+]), and in tumn f(x) = f(y) (@[F+]+ D).

Claim 3. If a congruence ® of B has an extension to a congruence of $+,

then ®[F*]1+ @ is an extension of @ to a congruence of B ‘[F*], and @ =
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@[F*] + ®)/® is the smallest extension of ® to a congruence of B,
Let ' be a congruence of B with @'| g = 0. So there exists a congruence

W of B'[F*] with ® C ¥ such that ¥/® = @', So ¥ is an extension of ® to B'[F'1.
Since O[F*] is the smallest extension, ®[F*]C ¥. Since B[F*]1+ ®CY,
O[F*1+ @ is an equivalence relation extending ®. As in the proof of Claim 2,
this implies ®[F "]+ ® is a congruence of B'[F*1. Clearly ®[F*]+ ® is the
smallest extension of © to a congruence of B'[F*] bigger than ®.

Claim 4. If ® € Q(ﬁ) has an extension to a congruence of %+, then a = b (@)
implies ¢ =d (@) for all (a, b, c, d)€ A.

Let A =(a, b, c,d)€ A, let ® € C(B) and suppose a = b (®). Then c = by =
Ino®od =iy @) =1, @ =1, ,B)=/, (b)) =], y@) =], ;b)) =1, 50@3) =
Ir3®3) =1\ o(@g)=ag=d @IF 1+ ®). By Claim 3 c =d (8).

Claim 5. ® € C(B) has an extension to a congruence of B*iff @ e K.

It follows from Claim 2 that if ® € X, then ® has an extension to a congruence
of B*. Solet @€ (i(%) have an extension to a congruence of B*. From Claim 4
we get that @y (a, b)) C O for all (a, b) € @ (if a £b). So by Lemma 5 @ € K.

Remark. The next thing we need to know is that H*-0*'10cHisa
closure system. In line with Lemma 7 we need to show the existence of the
“®(a, b)’s’’. Having explicit descriptions of these ®(a, b)’s will help us with the
remaining details. To that end we have the following claim.

Claim 6. If x, y € B+, then there exists a ®(x, y) € H satisfying the conditions
of Lemma 7. Moreover,

(@) if x, y € B, then ®(x, y) = Oy(x, y);

(b) if x = /)M.(s), y = /A.i(t) and i = 1, 2, or 3, then ®(x, y) = Oys, t);

() if x= /x’i(s), y= /A,i+1(t) (i.e., i + 1 (mod 4)), then P(x, y) =
O, /5, IV V(5,102,100 ¥);

d) if xeB,y= /)\.2(’)’ then ®(x, y) = P, /x.l(bl)) V Q(/A,z(az)’ y);

() if x =f, ((s)and y = f, ;(1), then ®(x, y) = O(x, /, y(a)) V
q)(/x’o(bo)x /x,o(“o» \ Q(/A.B(bB)’ ¥)

(f) there is a function y: B* — B so that ®(", y(b+)) C ®*, b) for all
b *eB', beB,

(g) if x = /A’l.(s), y = /#'].(t) and A £ pand i £ 0 £ j, then O(x, y) = O(x, y(x))V
Dy(x), y(y)) V ®y(y), y).

Let ¥(x, y) denote the member of } given by the appropriate formula from
(a)-(e), (g). Throughout ® will be a member of Hwithx=y @").

Let x, y € B. Certainly x=y (W(x, yN®). On the other hand since ®"is an
extension of ®, x =y (@), and ¥(x, y) = Oy(x, y) C 6.

Let x = /A’i(s), y = /A,i(t) and let i = 1, 2, or 3. Certainly x =y (¥(x, y))+).
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On the other hand, by Claim 3 x =y (") implies that, in B'[F'], /1) =
f)\ @) @[F*] + ). By Claim 1 this implies /)‘ (s)= /A () @IF* ]) Since
D(f, » B') =g, by (3.ii) and (2.iv) this implies that s =¢ (@). So ¥(x, y) C @.
Lec x', y' € B'[F* ] be such that [x'1® = x and [y'1® = y. Then by Claim 3
x=y CW) implies x'=y' @[F*] + ).
Let x = /)M.(s)and y= /Jhitl(t)’ let A = {a, b, c, d), and recall that a,=d,
by =c, and a,=a and bi =bfor i=1, 2, 3. Since (a) and (b) have been proved,
Y(x, y) exists. Certainly x =y (¥(x, y)'). Let x'= /)‘.i(s) in B'[F*] and let
y'= /A,i... (@) in B'[F*]. So x'= y' @IF 1+ ®). Let x'= Sgrtty S, = y' be a
shortest sequence with s, =5, ®[F*] U®). Using this sequence and an argu-

ment similar to that in Claim 1 one can show that if i = 2 or 3, then x'=
fr,{8) @IF')) and that if i=0or 1, then y'=f, 101@;, ) OF*D). Thus in B we

have y=x = /A,i(bi)z /)\,i+1(a,'+ 1) (®+)’ or we have x =y = /A,i+1(ai+l)=
7, (&) @"). Thus ¥(x, y)C O,
Let x € B,y =/, z(t), X =(a, b, c, d) and recall that a,= d, bo= c, and

a,=aand b, =bfori=1,2 o 3. By (b) and (c) ¥(a, b) exists. Certainly

x=y ((‘P(x y) ) Let x'=xand let y'= =/\, 2(t)m%[F 1. Sox"=y" @O[F+0).
Let x' =Spttt, S, =Y beashortestsequencewnths =S ©lF* Jud)fori=0,---

n— 1. Again using this sequence and an argument 51m11ar to that in Claim 1, one
can show that y'= /)\,2(‘22) @[F*1). Soin B* we have x = y = fX,z(a2)=
Iy @) S0 ¥(x, y)C @
Consider (e). Using arguments similar to those in (c) and (d) we get that
x=fy (@) =1, oy @"). The rest follows from (c).
Define y: B*—B by
b7, if b €B;
Yo = {/A fap), if T ef, (B U/, (B
N 3(b ), if bTef, 3(3)—/,‘ 2(B)

y is well defined because if b*eBn fx, ,(B) then b' = i\, (@) and if b*eBN
(B) then b" = I, 3(b ). By (d) and (c), y has the required propemes.
C0051der (g). Let x —/)‘ (s)in B'[F*]and y -/ (t) in B'[F*]. Starting
with x'= s, and using an argument similar to that in (c) or (d), we conclude there
isa z'€Bsuchthaty'=x'=z' BF'1+®). Soin B' y=x=2 @) where
[z']®=z2¢€¢B.. (g) now follows from (f).

Claim7. H'=18*| ® € H} is a closure system and H* and B* satisfy the

I\

hypotheses of Lemma 8.
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H* is a closure system by Claim 6 and Lemma 7. Condition (8.A) holds for
B* with C = B. That (8.B) holds follows from Claim 6(f) since ® K+(a, b) =
(P(a, I;))+ foralla, b € B*. Let fe F'and © € X and %, y € B. Suppose f(x)=
fiy) ®*). If { € F, then f(x) = {(y) (®). Then by hypothesis x =y (@), and so
x=y @"h. I f= /A.i for some A, i, then by Claim 6(b) x =y (@), and so x=y (®+).

6. The theorem. First we need one more lemma.

Lemma 12. If Q is any algebraic lattice, then there is a set C and a unary-
algebraic closure system H of equivalence relations on the set C such that { is
isomorphic to (}; O

Proof. Let € = (C;V) be the semilattice with zero of compact elements of
Q. If I is an ideal of €, then define the equivalence relation ® on C by x =
y @) iff x=yorx,ye€l Set - {@Il Iis an ideal of €}, and let I(C) be the
lattice of all ideals of €. It is well known that € is isomorphic to I(€), and it is
obvious that J(€) is isomorphic to (X; <)

For each (x, y) € C? with x # y define a partial unary operation fr,y With
D(/x.y = {x, y} and /x’y(x) x V y and /x'y(y) = 0. For each x € C defme an

operation f, as follows:

/(y)z{x, if x<y;

0, otherwise.

Let F be the set of all these unary partial operations. Set €'=(C; F).
It is left to the reader to show that indeed C(€') does equal }.

Finally we come to the theorem itself.

Theorem. If Q is any algebraic lattice, then there is a universal algebra U

such that Q is isomorphic to the congruence lattice of U.

Proof. Let € be an algebraic lattice and let { and C be given by Lemma 12.
Let }(0 =H and let By=(Bg Fo)=(C; {i}) where 7 is the identity map on C.
Suppose }( is a unary-algebraic closure system of congruences of the unary
partial algebra B =(B,;F), and suppose f(a) = {(b) (@) implies a = b (O) for
anya, b € Bn, fe F and @ € }( Let H and % be given by Lemma 11. Set
X —F(}( )andE =(B Y M]) F(B ) By Lemmas 11, 10, and 6,

npl 1523 unary-algebralc closure system of congruences of % +1° By Lemmas

11 and 10 f(a) = f(b) (B) implies a =b (8) for any a, b € B, / €F,  ,and
8cH ..

Notice that ByC+++CB Ce+-and FyC-+-C F Ce+-. Set A=

U |n=0,1,4~-)andsetF=U(F |n=0,1,---). Since B is an
n n n+l

n+l
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expansion of 8»:’ we can define an algebra ¥ = (4; F) in the obvious way, and it
will be well defined.

Lee =¥ ¢ }(0 =H. 1 ¥ e Hn, then set 'Pnu to be the smallest exten-
sion of ‘I’n to a congruence of %’”1. By Lemmas 11 and 4 ‘pn“ exists, and
by de_finition ‘I’"J(l € }(n“. Set ¥ = U(‘l’nl n=0,1,---), It is easy to check
that ¥ is a congruence relation of &. Now ¥ Nncl=c?n U(‘Pnl n=0,1,.+2)=
U(‘P” NC%n=01,--)=U¥|n=0,1,-.2)=¥. So ¥ is an extension of ¥,
and it is clearly the smallest extension of ¥ to a congruence of U.

Thus ¥ — ¥ is an embedding of {}; C) into C).

Let ® be a congruence of A. Obviously ® N B'zl is a congruence of 8n. Note
that ® =J @ ﬂB’zzl n=0,1,---). By (11.ii) the only congruences on %n that
have extensions to congruences of %n“ are members of }(". Since ® N B'ZH‘l
is an extension of 8 N B:' we have O N Bi € }(n. Since ® N B:“ € H"+l, it
follows that ® N B’ZH_1 is the smallest extension of @ N B’zl to a congruence of
B,,,- Set ¥=0NC. Then ¥ =0 NB2and¥=-U(¥ |n=0,1,---)=
U®en B’ZII n=0,1,++<)= @, Thus the embedding ¥ — ¥ is an isomorphism
from (}; C) onto €(U).

7. Comments. After going through the preceding ‘‘simple’’ proof, a natural
first question is, ‘‘Does one really have to go to all that trouble?”’. The answer
given in the first part of this section is a qualified ‘‘yes.”’

If one is gofng to prove the theorem by constructing an algebra U with given
congruence lattice &, then one must find a set A and a system X of equivalence
relations on A. First of all K must be an algebraic closure system with w € K.
Moreover (K; C) must be a complete sublattice of the partition lattice over 4;
i.e., join in (X, g) must be equivalence relation join.

Let X and C be as given within the proof of Lemma 12. A natural first step
would be to try to find an F so that H was the system of all congruence relations
of the (full) algebra (C; F). In fact, as is shown below, such an F exists if and
only if (X; g) is a chain. The most obvious problem with H is that if there are
two noncomparable elements, then the join in (X, g) is not equivalence relation
join. There is another related problem which is more subtle. Many constructions
appearing in attempted proofs of conjectures involving congruence lattices have
this related problem, for example, the one in [10].

Let A =(A; F) be some (full) algebra. Suppose there exist a, b € A with
a £ b. Suppose for all x £ a that @ = x (@) and @ being congruent implies that
a=b (@). Itis easy to check that @e(u)(a, b) is a nonzero element of €(YU)
having property (¥) where (*) is given below (see e.g. [7]).

(*) If a<\ (x[i€), then a <x_ for some i.
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Now if x,y € C, if x#y, if @ € H and if x =y (@), then x = 0 () where 0
is the zero of the semilattice € = (C; V). Let x, y € C. Then By(x Vy, 0)=
By(x, 0) V Oy(y, 0). So if there is an F with = C((C; F)), then (*) holds, and
so @j((x Vy, 0)=8y(x, 0) or Oy (y, 0). I follows that x Vy = x or y, and so x
and y are comparable in €. Thus €, Q and (K; C) are all chains. Incidentally,
in case (}; C) is a chain, then letting F consist of the unary (full) operations of
the form f from the proof of Lemma 12 gives H=C«c; F.

So if one starts with { and C as given in Lemma 12, one cannot stop there.
In general one will need to enlarge the set C.

Theorem 10.3 of [2] shows that the next step in any successful proof involv-
ing H and C is to introduce some sequence of operations having the properties
that the sequence /)"1, /A,Z’ /')\,3 has in B*. Since we need to enlarge the base
set C, we might as well allow the sequence of operations that are introduced to
have some values lying outside C if it proves to be useful to do so. That one can
always introduce such sequences without any troublesome side effects is Lemma 11.

Let B be a partial algebra, and let H be a closure system of congruences of
B. One might at first expect that F(H) is always a closure system, but it is not.
In fact H[F] or even }([/] need not be a closure system. For example, let B =
{0, 1, 2}, /(0)= 2, /(1) =1 and D(/) = {0, 1}. Let B =(B; {/}), and let X be the
system of all congruences of B. Then /(2)=2 (@ (0, 2))[f]1 N @ (1, 2))[f]) bue
®y(0, 2) NOy A, 2)If] = w.

Let us assume for the next few paragraphs that the partial operations in B
have nonempty domains. Since free extension usually does not preserve inter-
section of congruences, one would wonder if there was not some other extension
to an algebra that would preserve intersections. It seems likely that there is in
general no such extension because congruences of a smaller extension appear in
a dual ideal of C(F(B)). But note that (F(}{); C) is always a lattice isomorphic
to (X; C). So the only property of H not preserved in general is that of being a
closure system.

Lemma 10 provides sufficient conditions for F(H) to be a closure system,
but it is complicated. A natural conjecture is that if }[F]is a closure system,
then F() is also a closure system. Set HIF°1 = K and HIFT**! = HIFTMIF).
In fact it appears that for every n there exists a B and H such that H[F]” is a

1. .
1"*% is not a closure system. For example, in case

closure system and HiF
n =2 let B be the partial unary algebra with B = {0, 1,--+, 9} and with one unary
operation f such that D(/) = {0, 1, 2, 3} and /(i) =i + 5. Let @ be the equiva-
lence relation whose nontrivial classes are {4, 5}, {0, 7} and {2, 9}. Let ©, be
the equivalence relation whose nontrivial classes are {4, 6}, {1, 8} and {3, 9}.

Since no class intersects D(f) in more than one point, both ®;and @, are
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congruences. Note that } = {w, ®,> ®,,.4 is an algebraic closure system. One

can check that H[F] is also a closure system.
4=5=((0)=7(7)=7(Q2) = [(7(9)) @, LFIFD.
Also we have

4=6=7(1)=((8) = f(f(3) = /(7(9)) ®,[FIFD).

Thus ©,[FI[F]1n @, [F1[F1£ w but @, N B )FI[Fl=w. So HIFI[F] is not a
closure system.

One might observe that in the above example € (®B))[F] was not a closure
system. So one can ask if the conjecture is true in the restricted case when
H = C(B). To find the answer to this question appears more difficult.

In most of the lemmas we dealt with a system Hof congruences and with a
system of very special extensions of members of K, namely the system of small-
est extensions to congruences of the larger partial algebra. If necessary one can
prove these lemmas for certain other special systems of extensions.

If U is any universal algebra, then C@) is a unary-algebraic closure system.
Since this is so, one might as well start his construction with a unary-algebraic
closure system as we did here. From the very first comment we know that there
are unary-algebraic closure systems that cannot be the system of all congruences
of a (full) algebra. If one takes B = {0, 1, 2, 3} and lets ® be the smallest
equivalence relation on B collapsing 0 and 1 and ®1 be the smallest equivalence
relation on B collapsing 2 and 3, then K = {w, 0,.9,, d is an algebraic closure
system that is not unary-algebraic. For arbitrary closure systems one could define
n-algebraic to mean that a set was closed if and only if it contains the closure of
its n-element subsets. In spite of Lemma 5, a unary-algebraic system K oof
equivalence relations need not be l-algebraic. The problem is that a relation con-
taining the }{ closure of its singleton’s need not be a transitive relation. On the
other hand the system H of the example just above is 2-algebraic but not unary-
algebraic. So one might call unary-algebraic 1%4-algebraic. Incidentally, unary-
algebraic systems accomplish in this proof that which Q-closed systems accom-
plish in [9], but the concepts are not in general equivalqm. The whole purpose,
of course, of introducing either of these concepts is to be able to prove.Claim 5
in the proof of Lemma 11.

In the first proofs [2], [3] that appeared for this theorem the emphasis was
placed primarily on individual congruences. While in later proofs, (6], [9] or this
one, certain systems of congruence relations have been more emphasized.

The set and the system of relations used as the starting point of our construction
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is different than that used in [2], [3] and [9], and ours is much simpler to deal
with. Also, many more operations were used in B by Gritzer and Schmidt. So
the algebras constructed in the proofs differ slightly.

As was pointed out in the introduction to this paper, the newly observed prop-
erty is stated in condition (C) of Lemma 8. There are two types of expansions of
partial algebras used in the constructions in the various proofs. Lemmas 10 and
11 point out that these two expansions both preserve this newly observed property.
So the algebra constructed here also has this property. The Gritzer-Schmidt alge-
bra did not have this property because the property does not hold in their starting
point of the construction. (Some of their full operations are not even one-to-one.)
To surmount this difficulty one need only observe that one can ‘‘throw away’’ all
the operations in the starting point of the construction without affecting the con-
gruence lattice of the algebra constructed. An algebra with no operations vacuously
satisfies the condition.

Incidentally the computation in Lemma 8 that (C) holds for H[F] and BIF]
could have used (2.ii) in place of (9.ii); i.e., property (C) is always preserved by
free extension even if properties (A) and (B) fail.

The main reason for having D(f, B) = C for all f in condition (8.A) is to make
condition (8.B) easier to state. The lemma is true when one instead simply as-
serts that D(f, B) £ & for all f. Of course then in (8.B) one would assert the ex-
istence of such a function y for each set of the form D(f, B). (One must assert
that D(/, B) £ & so that ([F] is again . Note that in Lemma 11 «[F*]is not ¢ but
each of {F']+® and " is again ¢.)

Based on Lemmas 2 and 3 it is not surprising that Lemmas 8 and 9 are true.
But that Lemma 8 is useful seems unnatural at first because (8.C) seems to say
that each operation has no effect on the congruences in question. However, as we
found out in Lemma 11, if one considers the effect of several such operations
together with the effect of transitivity, one can ‘‘do’’ quite a lot with such operations.

For the sake of comparison we list some variations on Lemma 8.

Lemma 8'. Let B =(B; F) be a unary partial algebra and let { be a closure
system at congruences of B. If

(A) there-isa CCB,C # @, such that D(f, B)=C forall { € F,

(B) there is a function y: B — C so that @y (b, y(b))C Oy(b, ¢) for all c € C,

(C') foralla, b € B - C it holds that ®y(a, y(a)) V Oy (b, y(b)) is comparable
to Gu(a, b),
then NIF] is a closure system and N[F) and BIF] satisfy (A)-(C").

Lemma 8". Let B =(B; F) be a unary partial algebra and let X be a closure

system of congruences at B. If
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(A") D(f, BY£ & forall [ € F,
(B") for each C = D(f, B) for some [ € F there is a function y.: Bx B - C
so that @y (b, y(b, a)) C Oy (b, c) for any a € B and for any c € C,
(C") there is a Q CB x B such that
(a) if (a, b) € Q; then (y(a, b), y(b, @))€ Q for any C = D({, B) for some {,
(b) (a, b) € Q and a, b € D(f, B) for some [ implies {f(a), {(b)) € O and
By (a, b) = Oy (f(a), [(])),
(D") for each f if C = D(f, B) and a, b € B — C then one of the following holds:
(@) @y(a, b) is comparable to Oy (a, y(a, b)) V Oy (b, y(b, a)),
(b) (a, b) € Q,
then HIF) is a closure system and H[F] and BIF] satisfy (A")—(D").

Lemma 8’ is a refined version of the lemmas used in [6] and [9]. Although
somewhat hidden, Lemma 8’ was implicit in the original proof [3]. It was noted
in the introduction that the previous techniques for proving this theorem did not
apply to nonunary partial algebras. The reason is because the analogue of Lemma
8' is not true for nonunary partial algebras. (This was not realized initially and
some incorrect proofs of some related theorems were given, e.g., [10). This was
pointed out in Example 31 of Chapter 2 of [2].) The analogue of Lemma 8 for
arbitrary partial algebras is true.

The analogue of Lemma 8" for nonunary partial algebras is false. Clearly
Lemmas 8 and 8’ are corollaries of Lemma 8", Also, there exist unary partial
algebras satisfying the hypotheses of Lemma 8" but neither those of 8 nor 8'.
Clearly there exist partial algebras satisfying the hypotheses of Lemma 8 but not
those of Lemma 8' and vice versa. Of the three lemmas, Lemma 8 is the easiest
to prove and to apply.

Lemma 7 seems a bit unusual because it in essence says that in B*x B* if
the closure of any one element set exists, then the closure of every set exists.
This lemma was implicit in [3].

Much of Lemma 11 was known before, see [2], [3], [6], [9]). Of course, the two
references to condition (8.C) are new to this paper. Also, the concept of unary-
algebraic closure systems was applied to Lemma 11 only here and in [6].

Finally, observe that if ¥ = (A; F) is the algebra constructed here in the
proof and @ € A, then the subalgebra generated by @ is A. This happens because
if b€ A andb#a, then with A =(a, b, b, a) there is the operation f, ,, and
f)\,x(a) = b. Now set p=(a, b, a, b). So /#.l(a) = a. But, by the prol;erties of
free extension, /#,1(") #x if x £ a. So if 0 is an automorphism of ¥, then ao = a.
Since a was arbitrary, 0 is the identity map. So the unary algebra ¥ constructed
here is an algebra with no constant polynomials, one-to-one operations, no sub-

algebras, and no automorphisms.
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Incidentally, one need not assume £ has two or more elements. All lemmas
hold, and ¥ = B is the one element unary algebra with one operation.
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